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Contractible Exact Squares

René Guitart

In homage to my friend George Janelidze, for his 60th birthday

Abstract. Exact squares in Cat are not necessarily absolute (i.e. pre-
served by any 2-functor Cat — Cat), or even preserved by any 2-functor
given by exponentiation (—)% : Cat — Cat: if a square is preserved by
exponentiation it will be called a contractible exact square. We will char-
acterize diagrammatically these contractible squares, and among them
the contractible categories, and the so called fibering and cofibering
squares, with especially the comma squares and the adjunction squares.
As an application we conclude with a diagrammatical characterization
of absolutely absolute Kan extensions and especially of absolutely final
functors and of absolutely absolute colimits.
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1. Adjunctions, comma squares, distributors, exact squares

In order to be used in the following sections, here are revisited classical no-
tions and notations of “categorical theory of categories”, to which we add
(=), ()" and .J. We do not explain the deep part played by limits and Kan
extensions — everywhere, included in the question of exact squares —, only
because in this given paper these facts are not used.

1.1. Adjunctions in Cat and reversions in the double category of 2-squares

In this section I am basically recalling a part of the so-called “mate calculus”
the classic reference for which is [20].

1.1.1. Adjunctions. The notion of an adjunction is introduced in 1957 by
Kan [19]. Here we recall the definition and we use it for the reversions (—)"
and (—)! of 2-squares.

Definition 1.1. Two functors U : B — A and F' : A — B are adjoints (F on
the left, and U on the right), and we write F' 4 U(e,n), if for any A object of
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A and B object of B we have two arrows ny : A - UFAand eg : FUB — B,
such that

a:A—UBw—a =ep.F(a): FA— B
and
b:FA— B =U(b)ns: A—UB
are two inverse bijections. And we say that we have natural bijections
(=)f: A(A,UB) ~ B(FA,B) : (-)°
It is equivalent to say that there are two natural transformations
n:1dqg = UF, e€:F.U=Idg,
with the two equations
(e. ) (Fp) =1dp, (U.e)(n.U)=I1dy.

It could be useful to denote n and € by:
n=nFU = pF1 = U and e = F U = FH = U
Agreement: We denote also by the letters € and 7 the following two 2-squares

(according to this notion in the next definition 1.2):

Idg
B—2B A-L-p
l \leg IdAl n 2>\ U
Alig A1 4

Id4
1.1.2. Reversions of 2-squares.

Definition 1.2. A 2-square (or a quintet in Ehresmann’s terminology [6][7])
is the datum in the 2-category Cat of categories, functors and natural trans-
formations, of a picture — denoted in line by ¢ : US = VT : Ay ¢ YB, or
shortly by ¢ : US = VT:

A

X4>

N ]
~—<

These 2-squares could be composed horizontally and vertically, and so, ac-
cording to Ehresmann, they constitute a double category.

Proposition 1.3. (r)-reversion: If T and U have right adjoints T" and U, i.e.
if T AT" and U 4 U", then the datum a 2-square ¢ : US = VT is equivalent
to the datum of a 2-square x : ST = U"V, denoted by x = ¢".
(1)-reversion: If S and V have left adjoints S' and V', i.e. if S' 4 S and
VL 4V, then the datum of a 2-square ¢ : US = VT is equivalent to the
datum of a 2-square 1 : VIU = TS, denoted by ¢ = .

When they are defined these two reversions are inverse each one of the other:

(") == (o).
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Py A%\y A"y A<y y-Yep
U\L Y _>|T SlTw_wl\\TVl sl o >V sl\%f—xv T*i X _>|Uur
BTl/»y X—>8 XTK>B X<——B AT(X

Proof. If F 4 U(e,n), for any category C and functors A : ¢ — A and
B : C — B we have a bijection and its inverse:

o of =eg.Fa: Nat(A,U.B) ~ Nat(F.A, B),

B+ B° =UpBna : Nat(F.A, B) ~ Nat(A, U.B);
and dually for any category D and functors A’ : A — D and B’ : B — D we
have a bijection and its inverse:

o %/ =o' F.B'n: Nat(B'.U,A") ~ Nat(B', A'.F),

B "3 = A'e.f'U : Nat(B', A'.F) ~ Nat(B".U.A, A").
Then applying this yoga to the adjunctions "4 7" and U 4 U", we get first
o : UST™ = V, and then y = ¢" = (°¢)’, and conversely ¢ = #(x*) = x!;
and then applying to the adjunctions S' 4 S and V! 4 V we get first ¢! :
VIUS = T, and then ) = ¢! = #(p*) and conversely ¢ = ("¢)” = 7.
We catch a glimpse of the two reversions processes with the diagram:

y—.y

7" T > 1dy
x5 T/y Ly

x| 77% _>|8 ¢ |V eV |y

v 7y 7 l
NENAWE

Idy Ut _s|ur

4

ST
The horizontal central composition provides ¢ = ¢! : VIU = T'S!, and the
vertical central composition provides x = ¢" : S.T" = U"V. O

Remark 1.4. 1 — Of course, if adjoints do exist, then we can continue the
process to get ! : TV = SIUL o™ - TTV" = S"U™, etc.

2 —If F 4 U(e,n), with identities 2-squares (which of course are invertible as
2-cells) 0y = (Idy : Id4U = 1d4U),yv = (Idy : Uldg = Uldg) associated
toU,and ép = (Idp : IdgF = IdgF),vr = (Idp : FId4 = F1d 4) associated
to F, we get n : IdyIdy = UF and € : FU = Idg as reverse of invertible
2-squares:

n=90y="p €= =0p
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Furthermore we get:

77” =e¢, € = 7.
3 — The notion of adjoints and the corresponding calculus of reversions are
available in any 2-category or even any bicategory. Especially we will use it
in section 1.4 in the case of the bicategory Dist introduced in 1.3: there exact
squares will appear as “virtual” left reversions of invertible 2-squares.

1.2. Comma squares, roofs, and the indicator functor J, of a 2-square ¢

1.2.1. Comma squares or co-junction squares. In [9] Gray proposed a sys-
tematic presentation of the calculus of comma categories. Lawvere [21] had
introduced the notion of a comma category in 1963, as a generalization of
slice and co-slice categories of Grothendieck, in order to express the notion
of an adjunction without any reference to sets, in an “elementary” categorical
way: if for a comma square (definition 1.5) we introduce the projection

puyv =[Do,D1] : ULV = X XY,

then the fact that F' 4 U(e, n) is equivalent to the existence of an isomorphism
[-]f :Idq | U — F | Idg (with inverse [-]” : F | Idg — Id4 | U) from
Pl t0 prids, e with: pra, v = pruas[—]*

Ida LU F | 1dg
pIdR %Idg

AxB

So here we recall how a comma square is determined by a co-span, we observe
that a “roof” could be determined over a span, and these two facts allow us
to associate an indicator functor J, : SVI' — U | V to a 2-square .

Definition 1.5. Given a co-span from X to Y, i.e. two functors U : X — B
and V : Y — B, we say that a 2-square o : UDg = VD : Wy 0YB

w2y

" Pl

X—>B

is a comma square from U to V if for any 2-square ¢ : US = VT there is a
unique I, : A — W such that

Dol, =S5, Dil,=1T, al,=¢

Given U and V, the category W is unique up to isomorphism, and denoted
by W=U ] V,and I, : A = U | V, and a = ay,v.The old notation
was (U, V), hence the name of “comma” category. Perhaps a better name for
U | V would be co-junction from U to V.
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1.2.2. Roof, attic, ceiling.

Definition 1.6. Given a span oriented from X to ), i.e. the datum of two
functors S : A — X and T : A — Y, we define a roof over this span as an
universal datum [V; 38 : Eqg = SF;v: TF = E;] as in the diagram:

1%

I
E() E1
A
IE S
X Yy

Given S and T, the category V is unique up to isomorphism, and denoted by
YV =S5VT.
So given [V'; 8’ 1 E) = SF;v : TF' = FEY], there is a unique K : V' —» V
such that

E\,=E\K, F' = FK,FE| = F1K, B8 =K, v =K.
If necessary this K is more explicitly denoted by K = Kp /. Such a functor
— , under the roof SVT and over the ceiling Hg 7, hereafter defined. — is
thought as being in the attic of (S,T), i.e. an element of the functor

Ag 1 = Cat(—,SVT).

Specially for [A;1dg : S = SIdy;Idy : TIda = T] we get a factorization
named the ceiling of (S,T) and denoted by Hsr = Kiag1dy : A — SVT
such that

S=FEyHgr, Ida=FHgsr, T=FE Hsr, Ids = 8Hgs 7, Idr = vHg .
1.2.3. Indicator of exactness .J,.

Proposition 1.7. Given a span (S : A - X;T : A — V) and a co-span
(U: X = BV :Y — B) in Cat, we can construct SVT and U | V.
Furthermore, the data of a natural transformation ¢ : US = VT determines
a unique functor
Jo:SVT = U |V,
such that, with the notations of 1.5 and 1.6:
DOJga = EOa D1J<p = E17 aJ(P = (V’Y)(WF)(U/B)
This J, will be named the indicator (of exactness) of ¢, and it allows to
recover @ itself by
JoHst=1,, aJ,Hst=0al,=¢p
S VT
vT
fex . /‘\ /,ﬂ\_\
1\ / A—=SVT-F=ULVal B = A e B
U \/

U

Us



6 René Guitart

Proof. As it is known the construction of U | V in Cat is possible as a
projective limit. Then to construct SVT we construct the comma categories
Idy | S and T | Idy with functors S and ‘T to A, and SVT is the fibered
product (Idy | S) x4 (T | Idy) of ”S and 'T over A as in the diagram:

Eo

XIdX XUB

We define Ey = 'SL, F = "SL ='TM, Ey ="TM, 8 =S5aL, v = oTM.

Given ¢, the unicity of J, is clear, from the universal property of U | V.

And for the existence we just have to know what is an element of SVT" it is

a datum

j=(Xm: X - SAAn:TA-Y,Y),
and we can define
Jo(J) = (X;V(n).paU(m) : UX - VYY),

Then we have

HS’T(A) = (SA, IdSA; A; IdTA;TA), J@(HS,T(A)) = (SA, QOA;TA) = LP(A).
O

Remark 1.8. 1 — Clearly SVT = (Idx | S) x4 (T | Idy) is the free 2-sided
fibration on the span (S,T) (see this monad in [28]), and by this universal
property we get J, as the extension of I, to a map of fibrations.

2 — Given ¢ we could have chosen I, (see in definition 1.5) to determine
¢ by a functor. This I, (= J,Hgr) will be used in special questions, for
instance in the study of fibering and cofibering squares (see section 4). But
this is not the functorial representation of ¢ that we need for the general
study of exactness and contractible exactness. The convenient tool in fact is
J,, because J,(j) do carry out the composition in B of the ingredients of j,
the result being an element of U | V. We will think of J, as an indicator of
ezactness of : this will become obvious in section 1.4.

1.2.4. The bifibration S X T and the comparison Qg1 : SVIT — SXT.

Definition 1.9. Given a span (S : A — X;T : A — V) the associated bi-
fibration is the category S X T given as “the comma of the co-comma” of
S and T, ie. ST = Gy | Gy, the comma category (or co-junction) of
Go and Gy, as in ag,.¢, : GoCo = G1C1, where Gy and G; are given by
the co-comma construction (or junction construction) — dual of the comma



Contractible Exact Squares 7

construction for co-span introduced in definition 1.5— i.e. the co-universal
2-square wgr : GoS = G1T

SKRT = GolG——=Y A Yy
CO\L aGy,Gq >lG1 Sl ws,T >\LG1
X—GO{STT /STT

Proposition 1.10. There is a comparison functor Qs : SVT — SXT such
that

SVT—>S®T

Eo,fk\ A,CI

X xY
Proof. Qg is defined by ag, ¢,@sr = As,r with
()‘S,T)(X;m:X%SA;A;n:TAHY;Y) =n.wa.m.
O

1.3. Distributors and virtual right reversion

1.3.1. Distributors. Bénabou [1][2] introduced the notion of bicategory and
the calculus of distributors as a basical example of a bicategory.

Definition 1.11. According to [1][2], a distributor ¢ : A --» B from a category
A to a category B is a functor

¢ : B°? x A — Ens,

and a morphism of distributors 6 from ¢ to ¢’ is a natural transformation
0:¢= ¢'. So we get a category Dist(A, B) = Cat(B°P x A, Ens).

With ®(A) = ¢(—, A), a distributor ¢ : A --+ B could also be seen as a true
functor ® : A —» Ens® ", which is a generalization of a functor F': A — B.

Let ¢ : A --» B and ¢ : B --» C be two consecutive distributors. The
composite Y ® ¢ : A --» C is defined by

(¥ 9)(C.4) (Hw (C.B) x 6(B.4))/ =

where = is the equivalence relation generated by the relation

(P(C,0)(B), @) ~ (B, 6(b, A)(a))

for « € ¢(B, A), B € ¢¥(C,B’) and b € B(B’', B).
So, if we denote by y ® = the equivalence class (y,z) mod =, we have

bBRa=L5® ab.
Then given 0 : ¢ = ¢’ and 7 : ¢ = ', we define
Vel Yes=90d, Ted:ves=>9 00,
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by

W' ®0)cay @)=y ®0p.a(r), (TO)Cca(y®z)="TcHl) @,

where z € ¢(B, A) and y € ¥(C, B), y' € ¥'(C, B) and then
TR0=W®0).(To¢) =(T2¢). (a0,

where . denotes the composition of natural transformations, and so

(T@0)c.aly®@x)=T0cB)(Y) @0B,.4) (7).

With categories as objects or 0-cells, distributors as 1-cells, and morphisms of
distributors as 2-cells, with this composition ®, with some precise coherences
morphisms, Bénabou ([1],[2]) has shown that we get a bicategory denoted
by Dist. He also shows that to any functor F' : A — B are associated two
distributors:

-¢p: A--+B:(B,A) — B(B,FA),

- B--s A: (A, B)— B(FA, B),
and the association

gf)(_) : Cat — Dist : F — ¢p

is an embedding of the 2-category Cat in the bicategory Dist, such that for
any F': A — B we have in Dist the adjunction

oF o7
1.3.2. Virtual right reversion.

Proposition 1.12. A 2-square ¢ : US = VT : Ay VB in Cat has a virtual
right reversion in Dist: ¢" := (¢,)" : ¢s ® ¢T = ¢V @ ¢y : Y40 BX:

ATy y-">5
|

si s0/>iv eT1 ¢ 1Y
\ Y

XT//>B A——CX

s

and this ¢" is directly determined by J,.

Proof. This is an immediate consequence of ¢ - & in Dist, with the yoga
of reversions as introduced in Cat in Proposition 1.3, but of course completely
similar in Dist. We have only to precise that

(6s @)X, Y)={j=[m,n]=(X;m:X = SA; A;n:TA—=Y;Y)}/ =,
¢U ® d)V(X’ Y) = B(UXv VY)v

in such a way that, with n ® m =5 mod =:

SD;(,Y : (¢S’®¢T)(X7 Y) - ¢U®¢V(X7 Y) n@m V(n)SDA‘U(m) = Js@(j)7

with J,(j) so defined in Proposition 1.7. O
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1.4. Exact squares

1.4.1. Direct definition of an exact 2-square via distributors. The calculus
of exact squares had been introduced by Guitart [11], as simultaneously a
generalization of absolute colimits (and absolute Kan extensions) in Cat and
a generalization of exact sequences (and exact squares) in Ab. With the help
of previous sections, we are ready to express the definition of an exact square
via distributors:

Definition 1.13. An ezact square in Cat is a 2-square ¢ : US = VT : Ay oY B
T
A——=Y

sl @ />lv
/4
X ——=B
U
such that its virtual right reversion ¢" is invertible.

Proposition 1.14. If the functor U and T admit right adjoints, in such a
way that " : ST™ = U"T is a well-defined natural transformation, then the
exactness is equivalent to the Beck-Chevalley condition

ST ~U"T.

Proposition 1.15. Any adjunction 2-square n or € (as it is agreed in Definition
1.1) is ezxact, and in fact the exactness of n as well as the exactness of €
characterizes the fact that we have an adjunction.

Proof. A proof is given in [11]. This proposition will be strenghtened in
Proposition 4.4. ([

A more elementary characterization of exactness given in ([11, prop 1.4])
will be used in Proposition 4.7:

Proposition 1.16. The 2-square ¢ : US = VT is exact if and only for any
category Z and functors P: X — Z and Q : Y — Z, the map

(—)I, : Nat(PDy,QD:1) — Nat(PS,QT) : § — 61,
1s bijective. Especially any comma square is exact.

Remark 1.17. 1 — The definition and the three previous propositions are in
[11], with other characterizations, related to localization or to preservation
of Kan extensions, related to “multiplicative squares”, with examples as fully
faithful functor, final functor, opaque functor (see here below Definition 5.9),
ete.

2 — For example if ) = 1 the final category, and if A, X and B are groups,
and with ¢ the equality, then the square is exact if and only if U is surjective
and imS = ker U (proof by application of criterion 1 in Proposition 1.18), i.e.
the sequence of groups A - X — B — 1 is exact.

3 — Applications to logic and calculus of relations are given in [11] and [12],
applications to homological algebra and satellites are given in [14] [15] and
[13], and applications to shape theory are given in [11] and after in [4] and
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[5]. Many of the results of [11] are reproduced in [5]. Other aspects, as link
with calculus of spans of functions, with Yoneda-structures, and with anal-
ysis of difunctional relations, are developped in [30], [31], [26]. More recent
applications in cohomology are given in [18] and [22].

4 — For the needs of this paper, and the characterization of contractible ex-
act squares now we emphasize the characterization of exactness by properties
of J, (Proposition 1.18) or of I,, and by the examples of comma squares and
adjunction 2-squares as in Proposition 1.16 and Proposition 1.15.

1.4.2. Elementary characterization of an exact 2-square via J,. If we make
explicit the Definition 1.13, with the help of Proposition 1.12 and Propo-
sition 1.7, we easily verify that (proof also in [11], Proposition 1.2 [Zig-zag
criterion]):

Proposition 1.18. 1 — The 2-square ¢ : US = VT is exact if and only if the
two following conditions are satisfied:

(1) Given any objects X in X andY inY and any map b : UX — VY —
that is to say given an object w = (X;b: UX = VYY) inU |V — there
s a solution to the problem of ¢-factorization of b, i.e. there is an object A
mn A and two maps m: X - SAin X andn:TA—Y in)Y such that

Vn.gpa.Um =b.
(2) Given (m,A,n) a solution of (1) as above, and (m', A’,n’) another so-
lution — with Vn'.¢p4.Um’ = b —, then these two solutions are connected,

i.e. there is a zig-zag in A from A to A’,
A(a—oAl i>142(a—2143 ...... AQn_2a<27L2A(2n_1)a27_L—)1A/

and a lantern:

m=go
g1
92
SA<—SA; — SAy < SAs SAgp_9 < SAgn_1 — SA’
Sag Say Sas 2n—2 Sazn-—1
Tag Tay Taso Taoy,— Tas,_1
TA<CTA “STA, <2 TA; o T Ay =T Apy =T A
dan—2
da
?’L=d0 dl

I4
Y

where any triangle commutes: m = gg = Sag.g1,m = gop, = SA2,_1.92n—1,
and gor = Sagg—1.92k—1 = Sazk.gak+1, for 1 <k <n—1; and n = do,
dgn = n’, and d2k+1 = dgk.Tagk = d2k+2.Ta2k+1, fO?" 0 § k S n—1.
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2 — The 2-square ¢ : US = VT is exact if and only for every objet
w e U |V the category J ' (w) is connected non-empty, i.e. mo(J; " (w)) = 1.

3 — The 2-square ¢ : US = VT is exact if and only the functor J,
factorizes through Qg by an isomorphism:

2. Contractible exact squares: definition and zig-zag criteria
Here we introduce the central notion of this paper.

Definition 2.1. We define a contractible exact square in Cat as a 2-square
0:US=VT: AxoYB

— where ST(W) = SW, etc., (p%)w = pW — is exact i.e. (see Definition
1.13 ) such that its virtual right reversion ()" is invertible.

Proposition 2.2. A 2-square ¢ : US = VT is a contractible exact square if
and only if there is a functor K : U | V. — SVT such that J,K =1dy,v, a
sequence of functors R, : SVT — SVT, with 0 < ¢ < 2n, and in (SVT)5VT
a 2ig-zag

O2n—2 O2n—1

IdSVT = R()(e—ORlLRQ eo.Rop_ 95— Roy_1 — Rop, = KJ¢,
with
Jo0,=1dy,.
Proof. As (—)T is a right adjoint and ((—)%)2 ~ ((—)2) (with 2 the category
with two objects 0 and 1, and one non-identity arrow, from 0 to 1), we have
Ut Vi~ (UL V)E, SEVTT = (SVT)E,  J,z = (J,)"

So if we assume that the square is contractible exact, for Z = U | V we
get a K such that (J,)*(K) = Idy,v, and then for Z = SVT we have
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(Jp)°VT(K.J,) = (J,)°VT (Idsyr) and so Idgyr and K.J, have to be con-
nected over J,.

Conversely, with the given condition, if M : T — U | V, then J,(KM) = M.
IIN:Z— SVT and N’ : Z — SVT are such that J,N = J,N’, then over
J, we have a zig-zag:

N<—RyN...Ry, 1\N—KJ,N = KJ,N'+—Rs, 1N'...RiN'—N'.
O
Proposition 2.3. A 2-square ¢ : US = VT is a contractible exact square if

and only if there is a functor K' : U | V — A and natural transformations
b:Dy— SK' and c: TK' — Dy such that

(Ve)(pK")(Ub) = a
and a sequence of functors R, : A — A, with 0 < q < 2n, and in A4 a
2ig-za9
_ / 96 / 0’1 / / 9’27172 / l9’2n—1 / _ /
Idg = Ry«—R|—R;... Ry, s+ R;, | — R;, = K'I,,

and a lantern

Ids
S1 5o
SE/SRls—;/SRQeSRS SRh, _ %:;S'RQ” éjiSKl
76}, T8, T8, _
T <—'TR, = TR, <> TR, . TR2n Y == TR% s TK’LP
ton—2
N
Idy ™

T

Proof. For Z =U | V contractible exactness implies, by the zig-zag condition
in Proposition 2.2, the existence of K’, b and c¢; then for Z = A, contractible
exactness implies that (5;Idg;Id4,Idpr; T) and (S;bl,; K'I,, cl,; T) are con-
nected over ¢.

Conversely, starting with the zig-zag condition in this proposition we get the
zig-zag condition in Proposition 2.2 with:

Ry(x; B5a,7,y) = (5 (89)a-B; Ry(a); (tg)a-y),
(9q>(z;ﬂ;a,%y) = (Id, (eg)avldy)~
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3. Contractible category

As a first interesting special case of a contractible square we get the notion of
a contractible category. We have to notice that this notion is strictly stronger
than the one of contractibility of the classifying space (see Proposition 3.6).
It is from this case that we had chosen the name of a “contractible” square
for the general situation (Definition 2.1).

Definition 3.1. A contractible category C is a category such that in the cate-
gory C€ the identity functor Ide : C — C is connected by a zig-zag of natural
transformations (0x)o<k<2n—1 to some constant functor At with A an object
of C (and such a zig-zag 0 is named a contraction of C on A, of length 2n):

Oon— O2n—
Idc = T0(0—0T1£>T2 ce Tgn_g <212T2n—1 2—>1T2n = 14Jr (*Qn)

In other words, there is an object A in C, an integer n, a functor 6 : 25, — C¢
with 6(0) = Ide, 6(i) = Tj, and 6(2n) = AT, and 0(z) = Ok, where 2, is
the category :

021252223 . on — 2820 - 1) (Z2,)

Proposition 3.2. A category C is contractible if and only C is non-empty
and for any category I the category CT is connected. Furthermore, if C is
contractible, then for any D the category CP is contractible too.

Proof. By Definition C is contractible if and only C is non-empty and C€ is
connected; and if C is contracted on A by a (x) and if F' and G are two objects
of CT they are both connected to AT by the sequences (x).F and (x).G. The

. . . T
last point comes from the isomorphism (CP)™ ~ CP*L. O

Proposition 3.3. A category C is contractible if and only for any T the 2-
square

ct—1

1—1

is exact; and for that it is enough C be non-empty and have this property in
the case T =C.

Proof. A category C is connected and non-empty if and only if the 2-square

C—1

b=

1—1

is exact, this is clear from the zig-zag criterion in Proposition 1.18. Then
the zig-zag criterion in Proposition 2.3 and Proposition 3.2 provide exactly
the contractibility as in Definition 3.1, and the equivalent property that the
2-square above is a contractible exact square.

O
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Proposition 3.4. A category C could be connected and non-empty yet not
contractible. It is the case for the category 2o with two object 0 and 1 and
two non-identity arrows 21 and 23, from 0 to 1.

Proof. We see directly that 232 is not connected, because there the object
Idg, is isolated i.e. disconnected, without non-identity arrow from or toward
it. Otherwise, applying the first part of Proposition 3.6, we get that 25 is
not contractible because its classifying space, which is the circle, is not a
contractible space. O

Proposition 3.5. For any n € N the category Zs,, itself is contractible.

Proof. A contraction like (%2,) — of length 2n exactly — from Idz,, to 0F

1d ifk<2n—1
is given by: T;(k) = inf(k,2n — 1), (6;)x = F 1 " Z O
Zop—i—1 U k>2n—1
Proposition 3.6. If a category C is contractible, then its classifying space
BC = |NC| — the geometric realization of its nerve — is a contractible space,
but the converse is false.

Proof. A topological space X is contractible (“contractile” in french) if the
identity map Idx : X — X : x — x is homotopic to some constant map
at ' X - X :2— a, witha € X.

Let 2 be the category with two objects 0 and 1, and one non-identity arrow,
from 0 to 1: we have B2 = [0, 1]. If C is contractible in virtue of a zig-zag
(%), then each Ty : C — C generates a continous map BT} : BC — BC, and
each of the O3541 : Tog+1 — Tog, as a functor Oz447 : 2 X C — C generates

a homotopy [0,1] x BC ~ B(2 x C) B9 Be from BT5¢+1 to BT, and by
composition of these homotopies we get a homotopy from Bld¢ to BAT.
And the converse is false, according to the following counterexample. Let Z.,
be the “infinite zig-zag” starting from an object “0”, with objects the integers
n € N and with morphisms the couples zo, = (2k,2k + 1) : 2k + 1 — 2k and
the couples zok11 = (2k + 2,2k + 1) : 2k + 1 — 2k + 2, for any k € N:

Z(2n—2)

04012524823, o —2 P00 - 1) M (Z2y)

Then Bz, = [q,q + 1], and BZ., = Ug>0[g,q + 1] = [0, 00[ as a topological
space is contracted on 0 by h(x,t) = z(1 — t); but Z is not a contractible
category, because the minimal zig-zag from m to 0 is of length m, for any m,
but it would be < ng if Z., were contracted by a (%) of length ng. O

Proposition 3.7. A category C is contractible (def. 3.1) if and only if C — 1 is
absolutely final (def. 5.16) i.e. for every 2-functor ® : Cat — Cat, the functor

®(C) — D(1)
s final, i.e. the functor

(@@~ o) vo)) - o)

has non-empty connected fibers.
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Proof. By application of Proposition 3.2 or Proposition 3.3, Proposition 5.8,
Proposition 5.17. O

4. Fibering and Cofibering squares, liftors and co-liftors

As a second special case of contractible exact squares, we have the fibering
and the cofibering squares (see Proposition 4.5), and more specially, liftors
and co-liftors.

4.1. Fibering and Cofibering squares
Definition 4.1. 1 — A 2-square ¢ : US = VT : Ay oYB

A—Lsy

s ® />lv
e
X——B
U

is said to be a fibering square if the functor I, : A — U | V has a right adjoint
R, i.e. Io - R(e,n), with furthermore the condition that Dge : SR = Dy is
an isomorphism.

2 — The square ¢ : US = VT : Ay is a cofibering square if the functor
I,: A— U]V has a left adjoint L, i.e. Ly 4 I,(€,n), with furthermore the
condition that Dye: TL = D; is an isomorphism.

This definition (as well as the name of the notion) is given in [15, 14.8,
p.367]. It comes by “symmetrization” from an observation [15, 7.1, p.323|
which could be expressed by:

Proposition 4.2. A functor F': A — X is a fibration (resp. a cofibration) in
the sense of Grothendieck if and only if the 2-square

Ida

A——A

F| ldr >J/F
ifx
Idx

(which trivially is always exact) is a fibering square (resp. a cofibering square)
according to Definition 4.1.

Proof. In fact this observation is known, it was already in Gray [8] and there
attributed to Chevalley; and this criterion is used by Street in [27] to define
fibrations in 2-categories with enough limits. O

Proposition 4.3. A comma square is fibering and cofibering.
Proof. 1t is obvious, as in this case I, = Idyy. (I

Proposition 4.4. Any adjunction 2-square n (or €) (as in Proposition 1.15)
is a fibering square (resp. a cofibering square), and this characterizes the fact
that we have an adjunction.
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Proof. Given an adjunction F' - Ul(e,n), we get I, : A — Ids | U with
I,(A) = (A;na; FA), and its right adjoint R : Id4 | U — A given by
R(A,m,B) = A, and so the square 7 is fibering. For the reciprocal, with
Proposition 4.5 we get the fact that n is contractible exact and so is exact,
and, by Proposition 1.15 it is an adjunction square. O

Proposition 4.5. If a 2-square is fibering or cofibering, then it is a contractible
exact square.

Proof. The fact was announced without proof in [15, 14.8, p.368] (where con-
tractible squares are named strong exact squares). Here we give the details,
as an application of the criterion in Proposition 2.3.

So let ¢ be a fibering square, with I, 4 R(e,n), and Doe : SR = Dy an
isomorphism, with ¢ : I, R = Idy;v and n : A = RI,, with the equations
(el,)(Ipn) = 1d;, and (Re)(nR) = Idg. Here in fact we need only the first
one. Wenote K = U --» V and I = I,, and we take b = (Dpe) ! and ¢ = Dye.
Asa = apyy : UDy = V Dy is natural we have a(U Dge) = (UD;y€)(al R) and
with al = ¢, this gives (Ve)(pR)(Ub) = a, which is the first condition we
need. For the two other conditions, namely bI = Sy and (¢I)(Tn) = Idr, we
apply to the first adjunction equation the functor Dy and the functor D;: we
get (Doel)(DolIn) = Dol and (Dyel)(DolIn) = D11, which is the result. O

4.2. Liftors and co-liftors

Definition 4.6. A liftor is the special case of a fibering square as in the follow-
ing Proposition 4.7, where S is an identity. When U is an injection it could
be seen as a partial adjunction, and of course if U is an identity functor, we
just have an n- adjunction square.

Proposition 4.7. For a 2-square ¢ : US = VT where A =X and S =1d4

A—Lsy

Id 4 \L ‘p/>l |4
A—>B

the following conditions are equivalent:
— The square is exact.
— There is a natural transformation x : TDg = Dy such that xI, = Idp.
— I, 4 Do(Id 4, n), with Don = Idp,.
— The square is fibering.
— The square is contractible exact.

Proof. If the square is exact, by Proposition 1.16 there is a unique x : TDy —
Dy such that xT = Idr.

Then ¢ = ¢ is equivalent to (VxI,)(¢Dol,) = ady,, or (Vx)(¢Do) = a,
or (Vx)(al,Dy) = aldp,: so there is a unique n : IDy — Idy,y such that
Don = 1dp, and Dinl, = Idy. Also we have Dgl, = Id4, and we have
I 4 Do(Ida,n): ((nl,)(IyxIda) = nl, = Id;, because of Donl, = Id4 and
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Dinl, =1Idy; and (D1n)ldp, = Idp,. And so the square is fibering. Then it
is contractible exact, by Proposition 4.5.
|

Remark 4.8. In [11] it is observed that a 2-square ¢ : US — VT determines
a dual @ : VOPTOP = [J°PSP and this second square is exact if and only
if the first one is exact. So from the previous proposition we get a dual one
for the case of a co-liftor where T'=1d 4.

As a special case we get:

Proposition 4.9. Given a functor U : A — B the following properties are
equivalent:

— U is full and faithful.

— The square

=

Ida

D<—x

N<~—"
<

Id 4
—_—
_—

U

18 exact.

— The square above is a contractible square.

— The square is fibering and cofibering.

— There is a natural transformation x : Do — Dy such that x4, = Idg.

5. Absolute exact squares

5.1. Definition of absolute exact squares

Definition 5.1. We define an absolute exact square or absolutely exact square
in Cat as a 2-square p : US = VT : Ay o Y8

A=Y
sl @ />J(v
e
U
such that for any 2-functor ® : Cat — Cat, the 2-square
D(p): P(U)P(S) = 2(V)P(T) : @(A)q)(x) oq’(y)fI)(B) :

(T)

]

o(A) )

@(S)i () >lq>(v)
O(X) %KI)(B)

is exact (see Definition 1.13 ) i.e. such that its virtual right reversion (®(¢))"
is invertible.



18 René Guitart

Remark 5.2. 1 — Of course, as the functors (—)% are in fact 2-functors
from Cat to Cat, an absolute exact square is, in particular, a contractible
exact square. So the right challenge is to precise, among the contractible
squares, those which are absolute. The difficulty a priori is reduced to the
observation in a given contractible square of the part played in the description
via Proposition 2.3 by the functors starting from U | V.

2 — Because of Proposition 2.3, a contractible exact square is preserved by
every 2-functor ® which preserves comma squares. So the problem is with
2-functors which do not preserve comma squares.

3 — If ¢ is contractible exact and if the use of U | V' could be eliminated there
(in the criterion of Proposition 2.3), and the conditions reduced to equational
conditions between functors between the given categories A, X, )V, B, the
given functors S, T, U and V', and some new functors, then the contractible
square would be in fact absolute. We will give examples in sections 5.3 and
5.5.

4 — Of course it is clear that:

Proposition 5.3. The adjunction 2-squares € and n are absolute exact squares,
and it is also the case for right or left Beck-Chevalley squares (i.e. exact
squares with right adjoints for T and for U, or exact squares with left adjoints
for S and V).

5.2. Absolute colimits and absolutely absolute colimits

Paré [23][24](25] introduced the notion of an absolute coequalizer, and then
more generally the notion of an absolute colimit in a category X as a colimit
V in X given by a co-cone ¢ : S = V' of a diagram S : A — X which is
preserved by every functor with domain X', and this is equivalent to the fact
that it is preserved by the homy (X, —) = X (X, —) for every object X in X,
and for that it is enough to have the preservation by the functors X'(S(A), —)
for every object A in A and by X (V, —). Paré obtained the following diagram-
matical characterization:

Proposition 5.4. [Paré| The co-cone ¢ : S = VT is an absolute colimit in X
if and only if there exist R in A and a morphism ¢ : V. — S(R) in X such
that v.or = Idy and such that for every A in A the two objects Idg(4) and
V.pa are connected by a zig-zag in S(A)T | S.

In fact this result was the first step at the root of the proposal of the
notion of an exact square in [11] (the link with exact sequences in abelian
categories had been observed in a second step, in the same paper); we have:

Proposition 5.5. The co-cone ¢ : S = V1 is an absolute colimit in X if and
only if the 2-square

A—TL>1
>lvT
X4>Idx X

S ¥

N

is an exact square.
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Of course we should not confuse the two uses of "absolute” as in the
terms “absolute exact square” and "absolute colimit”. Rather these two uses
could be combined:

Definition 5.6. If the square in Proposition 5.5 is an absolute exact square
(according to Definition 5.1) then the co-cone ¢ : S = VT is said to be an
absolutely absolute colimit.

These absolutely absolute colimits could be characterized diagrammat-
ically (Proposition 5.19) by a special application of Proposition 5.13.

5.3. Absolute and absolutely absolute left Kan extensions
The study of Paré of absolute colimits has been extended to the case of

absolute left Kan extension in [16] and after in [10]. So we have:

Proposition 5.7. The transformation ¢ : S = VT is an absolute left Kan
extension in X (i.e. preserved by every functor with domain X ) if and only
if the 2-square

|5

A

S P

X

Yy
0%
X

N

|

Idx
18 an exact square.

For example as a corollary we get:

Proposition 5.8. A functor T : A — Y is final if and only if the functor
T | Idy — Y has connected non-empty fibers.

Proof. From [29] we know that T is final if and only if ) — 1 is an absolute
left Kan extension of ) — 1 along 7', i.e., with Proposition 5.7 if and only if

A—>Y
e
1 £ 1
is exact; and from Proposition 1.18 this means that the indicator
J:1 2T Idy — Y
has connected non-empty fibers. (I

Definition 5.9. A functor P : A — B is opaque if with Bp the full subcategory
of B generated by the P(A) with the A in A, the square

ALBP

PL: l

B—>Id5 B

is exact. If furthermore P is surjective on objects, P is said to be fully opaque.
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In [11] this notion is introduced for the needs of shape theory, and we
get the following criterion:

Proposition 5.10. A functor P : A — B is opaque if and only if for every
objects A, A" in A and every morphism b : P(A) — P(A’) in B there is in A
a 2ig-zag

aon n
AL AT A Ay Agno T Agn_1) 5 A

and in B a lantern

Idpa
g1
£ 92n—1
92n—2

Q
N

PA%- PA1 e PA2 = PA3 A2n71% <~ PA2nP1 — PA’
a2n—2 azn—1
Pag Pa, Pas Paszyp, Pazp_1
PA<-PA;, - PAy < PA; PAg, 5 <= PAy, 1 25" par

don— 2/
don—1
PA/

Proposition 5.11. A fully opaque functor is an epimorphism in Cat, but an
epimorphism in Cat is not necessarily opaque. For functors which are bijective
on objects, the two notions coincide.

Proof. This results from Proposition 5.10 and from the zig-zag theorem of
Isbell [17]. O

Theoretically the study of all absolute Kan extensions could be reduced
to the study of fully opaque functors, according to the following proposition
of Luc Van den Bril quoted in [10], reformulated here with the indicator J,:

Proposition 5.12. The 2-square
T, Yy

|

—_—
Idx X

=

©

N

=

is an exact square if and only if
Jo: SVT = 1dx |V
18 fully opaque.
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Proposition 5.13. For a 2-square ¢ : US = VT where B=X and U = Idx
A—"=Y

| Pl

Xﬁdx X

the following conditions are equivalent:

1 — The square is a contractible exact square, i.e. * is exact for every
category L.

2 — The condition in 1 holds for T =Y and for T = A.

8 — The transformation ¢ : S = VT determines V as a contractible absolute
left Kan extension (or inductive Kan extension), that is to say for every
category I and functor F : XT — Z, F.po? : F.ST = FVIT? determines
F.VT as the Kan extension of F.ST along T :

Langz(F.8%) ~ F.VT
4 — There is a functor R : Y — A, two natural transformations ¢ : V. — SR
and v : TR — Idy such that (Vv)(eR)Y = Idy, and a sequence of functors
R'q: A— A and in A* a zig-zag
’ ’ 9/ 9/
Tda = Ry o R -5 RY .. Ry o &Ry 5" R}, = R.T,

and a lantern

Ids
S1
S2
SR G SR gy S SRangg SRy SRT
TO,  TO , R 705, T3, 1
TGTR 9TR eT’Rg 2n 26 2n 19TRT

ton—2
t ton—1
£ N2 "
Idr

5 — The square is an absolute exact square.

6 — The transformation ¢ : S = VT determines V as an absolutely ab-
solute left Kan extension (or inductive Kan extension), that is to say that
for every 2-functor ® : Cat — Cat and functor F : ®(X) — Z, the natural
transformation F.®(p) : FO(S) = F.O(V)®(T) determines F.®(V) as the
Kan extension of F.®(S) along ®(T):

Lan¢(T)(F.<I>(S)) =~ F@(V)



22 René Guitart

Proof. A proof is possible by application of Proposition 2.3. We let it to the
reader: as observed in Remark 5.2 the difficulty is to eliminate the use of Idy |
V. Another proof works as follows. Clearly, by Definition 2.1and Definition
5.1 and Proposition 5.7, the condition 1 is equivalent to 3, the condition 5 is
equivalent to 6. Furthermore the condition of contractible square for Z = )
implies the existence of R : Y — A, ¢ and v arranged in hexagon as in

77N

Yy

\r
T

S

/‘y
N ) = e =
cl

X

)
N

(corresponding to a functor A — SVT) and then for Z = A, RT and Id 4 have
to be connected over ¢. On this other side, the conditions in 4 are preserved
by every 2-functor from Cat to Cat, and by composition with every functor
X — Z, and then it is enough to show that these conditions imply that
(V, ) is an inductive Kan extension of S along T. For that if W : )Y — X
and p: S = WT are given, then with 7: V = W given by

T=Wv)(uR)Y:V =>W

we have

(TT)¢ = p,
because of the condition 4 — where the lantern connects (¢¥T")p and (vT) to
Idg and Id7 —, and such a 7 is unique:

T=7ldy =7(Vv)(pR)Y = (Wv)(TTR)(pR)¢ = (Wv)(uR)¢.

The notations # and b used for adjunctions (subsection 1.1.1) could be ex-
tended here for the natural bijection between the 7 and the p, with:

ph=(Wo)(uRyp =7, 7 =(T)p = p.
O

Remark 5.14. The point in this proof is the reduction of the datum of the
functor K’ : Idy | V — A in Proposition 2.3 and the attendant 2-cells to a
datum of Y — A and some attendant 2-cells (elimination of the comma con-
struction, see Remark 5.2-3); conceptually this can be seen as a consequence
of the comma object form of Yoneda lemma — see [27] Corollary (16). After
that, the system of conditions becomes fully equational in the 2-category Cat,
and thus absolute.
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Proposition 5.15. If the functor T : A — Y has a right adjoint R, T 4 R(e,n),
with : Id 4 = RT and ¢ : TR = 1dy, then for every functor S: A — X, we
get an absolute exact square

A—T>Y

s 7>iv—s1?,

At

where V.= SR and p = Sn. So SR is an absolutely absolute left Kan exten-
ston of S along T. Especially T is final and even absolutely final.

Proof. A direct proof is easy, but we prefer to do the job as an application of
Proposition 5.13. We take R = R, ¢y = Idgg, v = €. By the adjunction equa-
tion we have (er)(Tn) = Idr, and as (Sn).Idg = Sn, the lantern condition
is satisfied with a zig-zag of one arrow : 7 : Id4 — RT. And we have also
(Vv)(¢R)Y = Idy, by the adjunction equation (Re)(ng) = Idg.

If T has a right adjoint R, then for any Z, R” is right adjoint to TZ (see
Proposition 5.3) , and the first part of this Proposition 5.15 for 77 and
X =1 joined to the argument in the proof of Proposition 5.8 imply that T
is absolutely final according to Definition 5.16. O

5.4. Criterion for absolutely final functor
Definition 5.16. A functor T': A — Y is absolutely final if and only if for any
2-functor ® : Cat — Cat, the functor ®(T) : ®(A) — ®() is final.

Proposition 5.17. A functor T : A — Y is absolutely final if and only if for
any category I the functor TT : AT — YT is final, if and only there is a
functor R :' Y — A, a natural transformation v : TR — 1dy, a sequence of
functors R'q : A — A and in AA a zig-zag
0, 04 05,,_ 05,
Idg = Ry«>R, %R, ... Ry, , &R, | 23R, =R.T,
and a semi-lantern in Y4

TO,  TO Ty , L0, o T,
T<-TR} -TR, < TRj TR2n—2<*jﬂR2n—1 — TRT

ton—2

T
Furthermore this is equivalent to the fact that the two functors
TA L Tdya - Y4 and T [ Idyy — VY
have connected non-empty fibers.

Proof. With X = 1, the first assertion is an application of Proposition 5.13-1
and -4, and exactness of the square in Proposition 4.2 for FF = (1) — 1.
The second one results from Proposition 5.13-2 and Proposition 5.8. ([l
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Remark 5.18. 1 — A left adjoint is absolutely final (Proposition 5.15).

2 —A category C is contractible (Definition 3.1) if and only if C — 1 is
absolutely final (Proposition 3.7).

5.5. Criterion for absolutely absolute colimits

To conclude we examine the case of absolutely absolute colimits.

Proposition 5.19. 1 — The 2-square

S\L %>\LVT
X—X
is an absolute exact square — i.e. determines V' as an absolutely absolute
colimit of S (Definition 5.6) if and only if there is an object R in A and a
morphism ¢ : V. — S(R) in X with
erY = Idy
and a contraction of A on R, i.e. a ziz-zag in AA

/ ’ /
0 0 / 9271,—2 /

_ ! %0 ntr Y1 opr %n—l/_f
Id.A - RO Rl R2 s f2n—2 2n—1 2n — R )

such that in X4 the image of this zig-zag by the composition with S provides
a connection between Idg and T :

S
\

S1
S2n—2

S E(,JSRQ o SRy 5 SRy e SRy == SRy~ S(R)T

2n—2 2n—1
In other words: there exist R in A and a morphism ¢ : V — S(R) in X such
that 1.pr = Idy and such that the two objects (Idg;1d 4) and (¢1.p; RT) are
connected by a zig-zag in ST | SA, with SA : AA — XA the composition with
S, and with ST : 1 — X4 the constant functor on S.

Proof. We have only to directly apply Proposition 5.13 to the case Y =1. O

Remark 5.20. Of course given an absolutely absolute colimit V' ~ lim .S, any
2-functor ® : Cat — Cat and any object X in ®(1) given by XT:1 — ®(1),
we get an isomorphism

<1>(_S>)

(V) (X) = lim (®(T) 4 XT = ®(A) (X)).

It is easy to compare this criterion in Proposition 5.19 with the Paré’s
criterion for absolute colimits (Proposition 5.4): clearly an absolutely absolute
colimit is an absolute colimit. But the converse is false:
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Proposition 5.21. 7 — In an absolutely absolute colimit the indexing category
A has to be contractible (in the sense of Definition 3.1). As a consequence a
coequalizer seen as a colimit on 25 is never absolutely absolute.

2 — Splittings of idempotents seen as colimits on 1®) are absolutely absolute.
8 — The notion of absolutely absolute colimit has examples and is stronger
than the notion of absolute colimit.

Proof. 1 — There is a contraction from Id 4 to R, so A is contractible (Def-
inition 3.1). Then we remark that the indexing category A for a coequalizer
is 29 which is not contractible (Proposition 3.4), and so stricto sensus there
is no absolutely absolute coequalizer.

2 — Let 1 be the category with one object R and one non-identity arrow
u: R — R with u? = u. The final functor 2, — 1(2) determines a splitting
of idempotent as a coequalizer. Let (g, j) be the splitting in X of a: X — X
(a? =a), withq: X = Q, j:Q — X, ¢.j =1dg, j.¢ = a. We verify condi-
tions in Proposition 5.19 with A = 1, S(R) = X and S(u) = a. We have
SR(x)T = X", n=1,0) =1dia ,, (0))r =u, S(0))r =a, pr = q, Yr = j.

3 — As absolute coequalizers do exist [24], we conclude. O
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